Let A be a quaternion algebra over a number field K and assume that A satisfies the Eichler condition; that is, there exists an archimedean prime of K which does not ramify in A. Let Ω be a commutative, quadratic O K -order and let R ⊂ A be an order. We determine the isomorphism classes in the genus of R which admit an embedding of Ω. In particular, we show that the proportion of the genus of R admitting an embedding of Ω is either 0, 1/2 or 1. Additionally, conditions are developed which determine the orders Ω which can be embedded into an order in the genus of R in the case that R is locally a primitive order or an Eichler order at every finite non-dyadic prime of K. These results generalize work of Chinburg and Friedman (in which only maximal orders were considered) and Guo and Qin (in which only Eichler orders were considered).
Introduction
The study of noncommutative algebras has a long and rich history with applications in class field theory, modular forms and geometry. One of the high points of this history came in 1932, when much of the field's foundational work was being done, with the publication of the Brauer-Hasse-Noether Theorem. Although his name did not appear on the publication, many of the results contained in the Brauer-Hasse-Noether theorem were proven independently by Adrian Albert in 1931: Theorem 1.1 (Albert-Brauer-Hasse-Noether). Let A be a quaternion algebra over a number field K and let L be a quadratic field extension of K. Then there is an embedding of L into A if and only if no prime of K which ramifies in A splits in L/K.
In [2] , Chinburg and Friedman proved an integral version of this theorem by considering when a quadratic O K -order Ω can be embedded into a maximal order D ⊂ A. In particular, they proved the following: Theorem 1.2 (Chinburg-Friedman) . Let L be a quadratic field extension of K which embeds into the quaternion algebra A. Assume that A satisfies the Eichler condition, that is, some archimedean place of K does not ramify in A. Then an O K -order Ω ⊂ L can be embedded into either all of the maximal O K -orders D ⊂ A, or into those belonging to exactly half of the isomorphism types of maximal O K -orders in A.
This refinement was later extended to Eichler orders of arbitrary level by Guo and Qin in [5] .
In this paper we provide a further extension by proving the theorem for arbitrary orders R ⊂ A. In the case that R ν := R ⊗ O K O Kν is either a primitive order or an Eichler order for every finite K-prime ν, we develop conditions that determine the commutative, quadratic O K -orders Ω which can be embedded into some order in the genus of R. These results generalize [2] (where only maximal orders were considered) and [5] (where only Eichler orders were considered).
Although we have chosen to work adelically, as did Guo and Qin in [5] , we note that this paper is more similar to [2] in that we have reduced the problem of dealing with arbitrary orders R ⊂ A to a finite number of local problems involving only maximal orders. This reduction allows us to discard a technical hypothesis imposed by Guo and Qin in order to accomodate local orders R ν which were not maximal.
It is a pleasure to thank Tom Shemanske, my advisor, for his encouragement and for patiently reading and commenting on drafts of this paper. I would also like to thank Ted Chinburg for useful conversations regarding the proof of Theorem 3.3 of [2] .
Notation and preliminaries
In this section we fix the notation concerning quaternion algebras and their orders that will be used throughout this paper.
Let K be a number field with ring of integers O. Let A be a quaternion algebra defined over K with reduced norm n. We denote by K ν the completion of K at a K-prime ν and by ∞ the set of archimedean primes of K. If ν is a non-archimedean prime, we let O Kν be its valuation ring and π ν the local uniformizer. When there will be no confusion we will write O ν in place of O Kν . We denote by A ν the K ν -algebra A ⊗ K K ν . Definition 2.1. We say that the quaternion algebra A satisfies the Eichler condition if there exists an archimedean prime ν of K which splits in A. Definition 2.2. An O-order R ⊂ A is a subring containing the identity element of A such that R is also finitely generated over O and contains a basis of A over K.
Given an order R ⊂ A and a prime ν of K, we define the following local factors:
We define the normalizer of R in A to be the set
Observe that we trivially have R × ⊂ N (R).
Let J K be the idele group of K and J A the idele group of A. As usual, we consider A × as a subgroup of J A via the diagonal embedding x →x = (x, x, ...).
We define U(R) = ν C ν where C ν = R × ν for all ν / ∈ ∞ and C ν = A × ν otherwise. We endow U(R) with the subspace topology it inherits from J A . Definition 2.3. Let R ⊂ A be an order. We say that R is maximal if it is not properly contained in any nontrivial order. We say that R is an Eichler order if it is the intersection of two maximal orders.
If k is a local field and B is a quaternion algebra defined over k, then as above, we define an Eichler order of B to be any order which is the intersection of two maximal orders of B.
The following theorem characterizes Eichler orders in the matrix algebra M 2 (K ν ).
Theorem 2.4 (Hijikata, [6] ). Let R ν be an order of M 2 (K ν ). The following are equivalent.
(1) R ν is an Eichler order.
(2) R ν is either maximal or there exists a uniquely determined pair of distinct maximal orders whose intersection is R ν . (3) R ν contains a subset which is conjugate to
The order E m ⊂ M 2 (K ν ) is called the canonical Eichler order of level m. Every Eichler order of M 2 (K ν ) is conjugate to the canonical Eichler order of level m for some nonnegative integer m. As an application of Theorem 2.4 we have the following corollary, also proven by Hijikata in [6] .
is an Eichler order, then a conjugate of u 0 0 1 lies in N (E). Thus u ∈ n(N (E)). In particular, O × ν ⊂ n(N (E)). We will make use of this fact several times in this paper.
Suppose that R is an order of A. Then associated to R is a collection of local orders R ν of A ν . Conversely, suppose that for finite K-prime ν we have an order R ν of A ν . Then if there exists a global order T of A such that T ν = R ν for all but finitely many ν, there exists a unique order R such that for every K-prime ν, the local factor of R at ν is equal to R ν . This converse is known as the the local-global correspondence for orders (see Theorem 5.2.2 of [15] ).
Type Numbers of Orders
In this and the following section we show that the type number of any order R ⊂ A is a power of 2, where A is a quaternion algebra defined over K which satisfies the Eichler condition. We accomplish this via the introduction of a suitable double coset space.
We say that two orders R 1 and R 2 are of the same genus if R 1ν is isomorphic to R 2ν for all primes ν. The type number t(R) of an order R is defined to be the number of isomorphism classes of orders in the genus of R. It can be shown that the isomorphism classes of orders in the genus of R are in one to one correspondence with points in the double coset space
Theorem 3.1. The reduced norm induces a bijection of sets
Proof. That the map is surjective follows from the fact that it is surjective locally. That is, for every K-prime ν which is not an infinite K-prime ramifying in A, the reduced norm induces a surjective map n : A × ν −→ K × ν . Injectivity of the map is a consequence of the Strong Approximation Theorem (which in the context of quaternion algebras applies only to those satisying the Eichler condition), as well as the inclusion
A is the kernel of the map induced by the reduced norm n : J A −→ J K (see Corollaries VI.iii and VII on pages 116 and 117 of [4] ).
It is well known that the type number t(R) is finite. We prove the stronger assertion that t(R) is a power of 2.
4 · |O ν /π ν O ν | ord ν (2) (see Theorem 63:9 of [11] ), there exists an integer m such that [K × ν : K × ν 2 ] divides 2 m for all ν. Therefore [K × ν : n(N (R ν ))] always divides 2 m and we're done.
In the case of an Eichler order E ⊂ A, we have, by Remark 2.6, that [K × ν : n(N (E ν ))] ≤ 2 for all K-primes ν. We therefore have the following corollary. Corollary 3.3. Let E ⊂ A be an Eichler order of level δ. Then K × \J K /n(N(E)) is a finite abelian group of exponent 2.
In the next section we will prove that K × \J K /n(N(R)) is a finite abelian group of exponent 2 for all orders R ⊂ A.
Some Results from Adelic Class Field Theory
In this section we will apply results from class field theory to the group K × \J K /n(N(R)), for R ⊂ A an arbitrary order. This will allow us to prove that K × \J K /n(N(R)) is always an elementary abelian group of exponent 2 and will provide us with important tools with which to prove our main theorem.
Let H be an open subgroup of J K having finite index and containing K × . Set G = J K /H. Class field theory implies the existence of a Galois extension F of K such that Gal(F/K) ∼ = J K /H and H = K × N F K (J F ). We will prove that G can be generated by coset representatives of the form e ν i = (1, 1, ..., 1, π ν i , 1, ...). If S is a finite set of primes of K, we will show that the generators {e ν i } can be taken so that ν i / ∈ S for all i. Let L be a quadratic field extension of K. We prove that in the special case that G ∼ = K × \J K /n(N(R)) is generated by {e ν i }, we can determine the splitting behavior of the primes {ν i } in L/K.
Recall that we view K × ν as a subgroup of J K via the embedding K × ν −→ (1, 1, ..., 1, K × ν , 1, ...) and that we view K × as a subgroup of J K via the diagonal embedding. We now state an adelic version of a central result of class field theory, whose proof can be found in Chapter 11, sections 2-4 of [10] . 
We now prove that G = J K /H can be generated by coset representatives having a very simple form.
Lemma 4.2. G is generated by coset representatives of the form e ν i = (1, 1, ..., 1, π ν i , 1, ...). If S is any finite set of primes of K, the generators {e ν i } can be taken so that ν i / ∈ S for all i.
Proof. The Chebotarev Density Theorem guarantees that every element of Gal(F/K) has infinitely many prime ideals in its preimage under the Artin map. As these prime ideals correspond to ideles of the form (1, 1, ..., 1, π ν i , 1, ...), G can be generated by coset representatives of the form e ν i . Only finitely many primes of K lie in S and a given element of G has infinitely many prime ideals in its preimage, so each ν i can be chosen so that ν i / ∈ S.
Let R ⊂ A be an arbitrary order. We show that K × \J K /n(N(R)) is an elementary abelian group of exponent 2. Proof. Let H R = K × n(N(R)) and set G R = J K /H R . Since J K is abelian it is clear that
is an open subgroup of J K as its quotient is compact and finite, hence discrete. By Theorem 4.1 there exists an abelian extension K(R) of K such that G R ∼ = Gal(K(R)/K) by the Artin map. We will denote by e ν i the element (1, 1, ..., 1, π ν i , 1, ...) ∈ J K and by e ν i the coset
Suppose that e ν i is a generator of G R corresponding to the Frobenius element (ν i , K(R)/K) of Gal(K(R)/K). By the Chebotarev Density Theorem (ν i , K(R)/K) has infinitely many elements {e ν j } in its Artin map preimage. If e ν i has order greater than 2, then so too must all of the {e ν j }. But R is almost everywhere locally maximal. As [K × ν : n(N (R ν ))] = 2 whenever R ν is maximal, e ν · e ν = (1, 1, ..., 1, π 2 ν , 1, ...) ∈ H R for all but finitely many ν. So there cannot exist infinitely many {e ν j } with order greater than 2. Therefore the order of e ν i cannot exceed 2. As every generator of G R has been shown to have order 2, we're done.
Let L be a quadratic field extension of K. We have shown that G R is an elementary 2-group with generators e ν i . We now show that the generators {e ν i } can be chosen so that the K-primes ν i have certain splitting properties in L/K. This is of course dependent on whether or not L is contained in K(R), as the following lemma illustrates. Lemma 4.4. Let notation be as above.
(1) If L ⊂ K(R) then we may assume that G R is generated by elements {e ν i } where ν i splits in L for all i. (2) If L ⊂ K(R) then we may assume that G R is generated by elements {e ν i } where ν i splits in L for all i > 1 and ν 1 is inert in L.
Proof. The idea of the proof is that showing a K-prime ν splits in L/K is equivalent to showing that the Frobenius element (ν, L/K) is trivial in Gal(L/K).
Suppose first that L ⊂ K(R) and consider the composite extension K(R)L of K. This extension is Galois with abelian Galois group Gal(K(R)L/K) ∼ = Gal(K(R)/K) × Gal(L/K) (the condition L ⊂ K(R) implies that K(R) ∩ L = K, as [L : K] = 2). We therefore have the short exact sequence:
By an argument identical to that of Lemma 4.2, we may assume that Gal(K(R)L/K) is generated by m + 1 elements {(ν i , K(R)L/K)} (it is an elementary abelian group of exponent 2 and order 2 m+1 ). Consider the subgroup Gal(K(R)L/L) of Gal(K(R)L/K). It is an elementary abelian group of exponent 2 and order 2 m , hence is generated by m elements {(ν j , K(R)L/K)} m j=1 . By exactness of the sequence above, each res L (ν j , K(R)L/K) must be the trivial element in Gal(L/K). Hence ν j splits in L/K for all j (as res L (ν j , K(R)L/K) = 1 if and only if ν j splits in L/K). So Gal( [10] .) These automorphisms correspond, via the Artin map, to the generators {e ν j } m j=1 of G. We have therefore proven the first assertion. The proof of the second assertion is similar to the first.
is an m − 1 element generating set of Gal(K(R)/L). We claim that this set generates Gal(K(R)/K). As Gal(K(R)/K) and Gal(K(R)/L) are elementary abelian 2-groups, they are F 2 -vector spaces. The set {(ν j , K(R)/K)} m j=2 is therefore a basis of Gal(K(R)/L), hence linearly independent. To show that {(λ, K(R)/K), {(ν j , K(R)/K)} m j=2 } is a basis for Gal(K(R)/K), it suffices to show that (λ, K(R)/K) is not an F 2 -linear combination of elements of {(ν j , K(R)/K)} m j=2 . But this is clear as all of the elements of {(ν j , K(R)/K)} m j=2 restrict to the trivial element of Gal(L/K) while (λ, K(R)/K) does not.
One of the advantages of working with the field extension K(R)/K is that the ramification properties of K-primes ν i in the extension K(R)/K capture the local behavior of R ν i , as the following proposition makes evident in the case that R is an Eichler order. Proposition 4.6. Let notation be as above, but assume R is an Eichler order with t(R) = 2 m > 1. Further, let Ω be a commutative, quadratic O K -order which is an integral domain and whose quotient field L is a quadratic field extension of K contained in A. Assume also that Ω can be embedded into some order in the genus of R. Then L ⊂ K(R) if and only if the extension L/K and the algebra A are unramified all non-archimedean K-primes and ramify at exactly the same (possibly empty) set of real archimedean K-primes.
Proof. For the sake of brevity, we will refer to the latter condition of the proposition as condition C. Thus we will prove that L ⊂ K(R) if and only if condition C holds.
That L ⊂ K(R) implies that Condition C holds was proven as a part of Theorem 3.3 of [2] in the case that R is a maximal order. The implication can be proven for R an Eichler order in a similar fashion. We therefore suppose that condition C holds and show that L ⊂ K(R). By Theorem 10.3.5 of [10] , it suffices to show that
). We first show containment at the finite primes.
Observe that K(R)/K is unramified at all finite K-primes by Theorem 4.1, as O × ν ⊂ n(N (R ν )) for all ν by Corollary 2.5. Furthermore, the extension L/K is unramified at all finite K-primes by condition C. Therefore N Lω
We therefore have the desired containment.
We now show containment at the infinite K-primes. By condition C, the real primes which ramify in A are exactly those which ramify in L/K.
Consider a real prime ν which ramifies in
where ω, µ are primes extending ν in L and K(R). It follows that we have the desired containment.
Now consider a real prime ν which is split in
where ω, µ are primes extending ν in L and K(R). It follows that we have the desired containment. As
, we have the containment L ⊂ K(R) and we're done.
Remark 4.7. It is worth noting that Eichler orders are not the broadest class of orders for which Proposition 4.6 holds. Indeed, Proposition 4.6 will hold for any order R with the property that the class field K(R) is unramified at all finite K-primes and that any K-prime which ramifies in A splits completely in K(R). The special orders defined in Section 6 of [7] (a class of orders properly containing Eichler orders) also satisfy these properties, hence the proposition holds for special orders as well.
) for all finite K-primes µ which ramify in A. By Theorem 4.1, maximal norm orders are precisely the orders satisfying the conditions described in Remark 4.7.
Example 4.9. In Remark 4.7 we noted that Proposition 4.6 holds whenever R is a maximal norm order. We show that the maximal norm condition is necessary. Specifically, we will show that if R is not a maximal norm order then it is possible to have L ⊂ K(R) for a quadratic field extension L/K in which some finite K-prime ν ramifies. Consider the quaternion algebra M 2 (Q) defined over Q. Let R ⊂ M 2 (Q) be any order which is not a maximal norm order and for which t(R) > 1.
The class field Q(R) is a degree 2 m = t(R) extension of Q and has a subfield L which is a quadratic extension of Q. As is well-known, every non-trivial extension of Q is ramified at some prime p ∈ Z. Then L ⊂ Q(R) but L is not unramified at all non-archimedean places of Q. Since L is a splitting field of M 2 (Q), there exists an embedding ϕ :
Then ϕ(Ω) ⊂ R and we've shown that the conclusion of Proposition 4.6 no longer holds.
Maximal norm orders behave like Eichler orders in many important respects. The following proposition, for instance, is well-known in the case of Eichler orders but can be proven for maximal norm orders with little additional effort.
Proposition 4.10. Let K be a number field having odd class number, A be a quaternion algebra over K with the property that no infinite prime of K ramifies in A. If R is a maximal norm order then the type number t(R) = 1.
Proof. Let R be a maximal norm order and K(R) be the class field associated to R. Then [K(R) : K] = t(R) = 2 m and K(R) is an everywhere unramified extension of K (by Theorem 4.1). It follows that K(R) is contained in the Hilbert class field of K, which is of odd degree over K. Therefore K(R) = K and t(R) = 1.
Remark 4.11. Let K be a number field A/K a quaternion algebra satisfying the Eichler condition. Let R ⊂ A be any order with trivial type number. As the proof of Proposition 4.10 makes clear, t(R) = 1 implies that K(R) = K is trivially an everywhere unramified extension of K. By Theorem 4.1, this implies that R is a maximal norm order and that no infinite K-prime ramifies in A. Thus only maximal norm orders can have trivial type number in a quaternion algebra satisfying the Eichler condition. Said differently, if R is an order of A which is not a maximal norm order, then t(R) > 1.
Embedding into the Genus of R
Let Ω be a quadratic, commutative O K -order which is an integral domain with quotient field L. We wish to determine when Ω can be embedded into an order in the genus of R. In the case that R is locally either an Eichler order or a primitive order, we provide a set of explicit conditions whose satisfaction is equivalent to the existence of an embedding of Ω into an order in the genus of R. These conditions reduce to those of Theorem 2.4 of [5] when R is an Eichler order (see Proposition 5.4) . This section therefore extends the results of [5] to a much broader class of orders.
We first state a notational convention which will be used throughout the remainder of this paper. Let ν be a nonarchimedean K-prime. If ν does not split in L then we will denote by L ν the completion of L at the unique prime lying above ν. If ν splits in L then we will denote by L ν the semisimple K ν -algebra K ν ⊕ K ν .
There exists an embedding of Ω into an order in the genus of R if and only if there exists an overorder Ω * containing Ω such that Ω * can be optimally embedded into an order in the genus of R.
Proof. If such an overorder exists, then precomposing the optimal embedding of Ω * into an order in the genus of R with the inclusion of Ω into Ω * yields the desired embedding.
Conversely, suppose that Ω can be embedded into an order in the genus of R. Without loss of generality suppose that Ω can be embedded into R. Set Ω ν := Ω ⊗ O K O ν . Then for every K-prime ν we have an embedding ϕ ν : Ω ν −→ R ν . Denote by S the set of finite K-primes ν for which Ω ν is not the maximal order of L ν or for which R ν is not a maximal order of A ν . If ν ∈ S then ϕ ν is an optimal embedding of Ω ν into R ν . Indeed, by definition ϕ ν is an optimal embedding of ϕ −1
contains Ω ν , the maximal order of L ν . Therefore the two orders are equal and ϕ ν is an optimal embedding.
Define an order Ω * via the following local factors:
Such an order exists by the local-global correspondence as Ω * ν = Ω ν for almost all ν. As the local-global correspondence preserves inclusions, Ω * contains Ω. As Ω * ν can be optimally embedded into R ν for all ν, Theorem 4.8 of [12] implies the existence of an optimal embedding of Ω * into an order in the genus of R.
Remark 5.3. Although Theorem 4.8 of [12] was proven for definite quaternion algebras defined over Q, the proof generalizes easily to our setting.
We say that R ν is a primitive order of A ν if R ν contains the maximal order of some quadratic extension field F of K ν which can be embedded into A ν .
We now assume that for every non-dyadic K-prime ν, R ν is either an Eichler order or a primitive order. We also assume that R µ is an Eichler order for all dyadic K-primes µ.
We will determine a set of conditions which are satisfied if and only if Ω can be embedded into the genus of R. Let S be defined as in the proof of Proposition 5.2 and O Lν be the maximal order of the K ν -algebra L ν . If ν ∈ S, then O Lν can be embedded into R ν (as the latter order is maximal). Indeed, in the case that L ν ∼ = K ν ⊕ K ν and O Lν ∼ = O ν ⊕ O ν , the existence of an embedding of O Lν into R ν follows from part 3 of Theorem 2.4. By Proposition 5.2 and Theorem 4.8 of [12] , it suffices, for every K-prime ν ∈ S, to provide a condition which is satisfied if and only if there exists an order Ω * ν containing Ω ν which can be optimally embedded into R ν . If said conditions are satisfied, then consider the order Ω * defined via the following local factors:
As the local-global correspondence for orders is inclusion preserving, Ω * contains Ω. By Theorem 4.8 of [12] , there exists an optimal embedding of Ω * into the genus of R. Precomposing this embedding with the natural inclusion of Ω into Ω * will provide an embedding of Ω into the genus of R.
We proceed by considering the following cases, which are exhaustive by the hypothesis on the possible local factors of R:
The first case, in which R ν is an Eichler order, is exceptionally nice in that Ω ν embeds into R ν if and only if Ω ν optimally embeds into R ν . We may therefore take the overorder Ω * ν of Ω ν to be Ω ν itself. The following Proposition is a consequence of Theorem 1.8 of [1] and appears as Lemma 2.3 of [5] .
Proposition 5.4. Suppose that R ν is an Eichler order of level δ and that ν ∈ S.
Write We now consider the case where R ν is a primitive order in A ν ∼ = M 2 (K ν ). We have already considered the case in which R ν is an Eichler order, so without loss of generality assume that R ν is not an Eichler order. We first consider the case in which L ν ∼ = K ν ⊕ K ν .
Proposition 5.5. Let ν ∈ S be such that A ν ∼ = M 2 (K ν ) and L ν ∼ = K ν ⊕ K ν . If R ν ⊂ A ν is a primitive order which is not Eichler, then the maximal order of L ν optimally embeds into R ν .
Proof. If R ν ⊂ A ν is a primitive order which is not Eichler then we have R ν ∼ = S n (F ) (where we denote by S n (F ) the order R n (F ) as defined in [8] ; the difference in notation is meant to distinguish these orders from the orders, also denoted R n (F ), which were defined in [7] in the division algebra setting) for some quadratic extension field F of K ν which is contained in A ν and integer n > 0.
If F is an unramified extension field of K ν (respectively, a ramified extension field of K ν ) then an embedding of the maximal order of L ν into R ν exists by Theorem 3.10.i (repectively, Theorem 3.10.ii) of [8] . Let ϕ be such an embedding. Then ϕ −1 (ϕ(L ν ) ∩ R ν ) is an O Kν -order of L ν containing the maximal order of L ν . By maximality the two orders are equal and ϕ is an optimal embedding. We now consider the case in which L ν is a quadratic field extension of K ν . Recall that we are assuming R ν is primitive but not Eichler, which means that by hypothesis ν is a nondyadic prime of K. We have L ν ∼ = K ν (α) for an integral element α which is degree 2 over
Lν O Lν allows us to write Ω ν = O Kν + π i Kν αO Kν for some integer i. As R ν is a primitive order but is not Eichler, we may write R ν ∼ = S n (F ) where n is a positive integer and F is a quadratic extension of K ν contained in A ν . Note that n may be taken to be even whenever F is an unramified field extension of K ν .
We will only treat the cases in which either L ν or F is an unramified field extension of K ν . The proof of the case in which both fields are ramified extensions of K ν is similar, though much more tedious.
Proposition 5.6. Let notation be as above. Write Ω ν = O Kν + π i Kν αO Kν . Then there exists an overorder Ω * ν ⊂ O Lν of Ω ν with an optimal embedding ϕ : Ω * ν −→ S n (F ) in the following cases only.
(1) Both F and L ν are unramified extensions of K ν (2) F is an unramified extension of K ν , L is a ramified extension of K ν and i ≥ n 2 (3) F is a ramified extension of K ν , L is an unramified extension of K ν , n is even and i ≥ n 2 (4) F is a ramified extension of K ν , L is an unramified extension of K ν , n is odd and i ≥ n−1 2 + 1 or i ≥ n = 1
Proof. If both F and L ν are unramified field extensions of K ν then any suborder of O Lν optimally embeds into S n (F ) by Theorem 5.19 of [8] . In particular, there exists an optimal embedding of Ω ν into S n (F ).
If F is an unramified extension of K ν and L is a ramified extension of K ν then an order Ω * ν = O Kν + π i Kν αO Kν optimally embeds into S n (F ) if and only if i ≥ n 2 (recall that n is taken to be even in this case) by Theorem 5.19 of [8] . As Ω * ν contains Ω ν if and only if i ≥ i , Ω ν has an overorder which optimally embeds into S n (F ) if and only if i ≥ n 2 . The other two cases are proven similarly.
Remark 5.7. All of the cases described in Proposition 5.6 (that is, those cases in which either F or L ν is an unramified field extension of K ν ) have the property that there exists an embedding of Ω ν into R ν ∼ = S n (F ) if and only if there exists an optimal embedding of Ω ν into S n (F ). Indeed, the proof of this fact is virtually identical to the proof of the analogous fact in Proposition 5.5. The existence of an overorder Ω * ν of Ω ν which optimally embeds into S n (F ) is therefore unnecessary, as Ω * ν may always be taken to be Ω ν . This is not the case when both L ν and F are ramified extensions of K ν . It is for this reason that we have chosen to state Proposition 5.6 in terms of overorders which can be optimally embdedded into S n (F ).
We now let ν ∈ S such that ν ramifies in A and suppose that R ν ⊂ A ν is a primitive order. As above, we will determine a set of conditions whose satisfaction is equivalent to the existence of an overorder Ω * ν of Ω ν which optimally embedds into R ν . By the Albert-Brauer-Hasse-Noether theorem, ν does not split in the extension L/K, hence L ν is a field.
As R ν is a primitive order in A ν , it is of the form R n (F ) (in the notation of Section 3.1 of [7] ) for some non-negative integer n and quadratic field extension F of K ν . By Remark 2.5 of [7] , we may (and will) take n to be odd whenever F is an unramified extension of K ν .
Given quadratic field extensions k, k of K ν , define µ(k, k ) to be the smallest positive integer (or ∞) such that O k can be embedded into R n (k ) if and only if n ≤ µ(k, k ).
Proposition 5.8. Let notation be as above. Write Ω ν = O Kν + π i Kν αO Kν . Then there exists an overorder Ω * ν ⊂ O Lν of Ω ν with an optimal embedding ϕ : Ω * ν −→ R n (F ) in the following cases only.
(1) F is a ramified extension of K ν and n ≤ 2i + µ(F, L ν ) (2) F and L ν are both unramified extensions of K ν and n ≥ 1 If F is an unramified extension of K ν and L ν is a ramified extension of K ν then an order Ω * ν = O Kν + π i Kν αO Kν optimally embeds into R n (F ) if and only if 2i + 1 = n (by Theorem 5.12 of [7] ). As Ω * ν contains Ω ν if and only if i ≥ i , Ω ν has an overorder which optimally embeds into R n (F ) if and only if 2i + 1 ≥ n. That is, if 2i + 1 ≥ n then there exists an integer i < i such that 2i + 1 = n (recall that when F is an unramified extension of K ν we take n to be odd) and we may take Ω * ν = O Kν + π i Kν αO Kν to be the desired overorder. On the other hand, if 2i + 1 < n then it is clear that there does not exist an integer i < i such that 2i + 1 = n. Then by Theorem 5.12 of [7] no such overorder exists.
We summarize the results of this section as a theorem.
Theorem 5.9. Let R ⊂ A have the property that for all dyadic K-primes ν 2 , R ν 2 is an Eichler order and for all non-dyadic K-primes ν, R ν is either a primitive order or an Eichler order. Then there exist a set of conditions, stated in Propositions 5.4 -5.8, whose satisfaction is equivalent to the existence of an embedding of Ω into some order in the genus of R.
The Adelic Distance Function
As above, let Ω be a quadratic, commutative O K -order which is an integral domain with quotient field L. In the previous section we addressed the question of determining when an embedding of Ω into some order in the genus of R exists (in the case that R was locally an Eichler order or a primitive order). In Theorem 7.1 we will show that if Ω can be embedded into some order in the genus of R, then Ω can be embedded into either every order in the genus of R or into exactly half of these orders. In the latter case, we will need to distinguish between those orders in the genus of R admitting an embedding of Ω and those for which no embedding exists. This will be done by means of a distance function on the genus of R. In this section we define this distance function.
. By Lemma 4.2 one may choose this generating set so that each ν i is nonarchimedean and split in A and so that R ν i is maximal for 1 ≤ i ≤ m. Throughout the remainder of this paper we will only consider generating sets
For the basic definition and properties concerning the tree of maximal orders of M 2 (k) (for k a local field) we refer the reader to Section 2.2 of [14] .
Given γ ∈ (Z/2Z) m , we define the order D γ (via the local-global correspondence) as having the following local factors
As {D γ } γ∈(Z/2Z) m comprises 2 m nonisomorphic orders in the genus of R, which is of size 2 m , every order in the genus of R is isomorphic to precisely one D γ . We therefore call {D γ } a parameterization of the genus of R. Note that by construction, if γ = (0, 0, ...), D γ corresponds to R.
. If S and T are two orders in the genus of R such that S ∼ = D γ and T ∼ = D γ , we define the distance between S and T as ρ(S, T ) = ρ(D γ , D γ ).
The above definition is clearly dependent on the choice of parameterization of the genus of R. This dependence will not affect our applications. Although we will be working with a fixed generating set {e ν i } when we use the distance function, we show that ρ(S, T ) has a certain degree of independence of the choice of generating set {e ν i }. In particular, if {e ν i } m i=1 and {e λ i } m i=1 are two disjoint generating sets of G R , then the distance functions they induce will agree.
be disjoint generating sets of G R and {D γ }, {E µ } be the associated parameterizations of the genus of R. Let S, T be orders in the genus of R and suppose that
We therefore assume that D γ ∼ = E µ . Any isomorphism between D γ and E µ extends to an automorphism of A, which is inner by the Skolem-Noether theorem, so there exists an element x ∈ A × such that D γ = xE µ x −1 .
Suppose that for some i, γ i = 0. Then
Similarly, if µ j = 0 then x ∈ N (R λ j ) and if µ j = 1 then x ∈ N (R λ j ).
If ν ∈ {ν 1 , ..., ν n , λ 1 , ..., λ n }, then R ν = D γ ν = xE µ ν x −1 = xR ν x −1 . That is, x ∈ N (R ν ). Claim 6.3. Suppose that γ i = 1. Then ord ν i (n(x)) ≡ 1 (mod 2).
Proof. Consider the element
where the x term appears in the ν i -th coordinate. It is not equal to the coset A × N(R), hence K × \(1, ..., 1, n(x), 1, ...)/n(N(R)) = K × n(N(R)) (by Theorem 3.1). As R ν i is maximal, we have n(x) ∈ n(N (
We continue the proof of the proposition. It is clear that an argument identical to the one appearing above shows that ord λ i (n(x)) ≡ 1 (mod 2) whenever µ i = 1. Therefore ord ν (n(x)) ≡ 1 (mod 2) if and only if ν ∈ {ν 1 , ..., ν m , λ 1 , ..., λ m } and the exponent of e ν in ρ(R, D γ ) is 1 (mod 2) or the exponent of e ν in ρ(R, E µ ) is 1 (mod 2). Then ρ(R, D γ )(n(x)) = ρ(R, E µ ) and we have proved the proposition.
Remark 6.4. The usual definition of distance corresponding to the genus of a maximal order M is as an integral ideal of O K (see page 49 of [13] ). When dealing with orders that are not necessarily maximal however, this distance ideal is no longer well-defined. In order to obtain a certain degree of well-definedness, one must conisder the image of this ideal in a quotient of the class group C K (see [5] , where the distance ideal was defined for Eichler orders of some fixed level). In our setting elements of the relevant quotient of C K correspond to the elements of G R . It was for this reason that the distance function ρ(−, −) was defined as a function with range G R rather than as an integral ideal.
Main Theorem
Fix a quadratic, commutative O K -order Ω. We are interested in the proportion of the isomorphism classes in the genus of R into which Ω may be embedded. We shall see that this proportion is either 0, 1 2 or 1. Our approach will be as follows. In Section 5 we discussed the question of determining when the proportion of orders in the genus of R into which Ω can be embedded is nonzero. We will therefore assume that an embedding of Ω into R exists (and will henceforth identify Ω with its image in R) and will show that in fact, Ω can be embedded into either all of the isomorphism classes in the genus of R or exactly one half of the isomorphism classes.
Our goal is to prove the following theorem, which was proven by Chinburg and Friedman for maximal orders in [2] and later extended to Eichler orders of arbitrary level by Guo and Qin in [5] . We consider a general order R, so our work subsumes, and extends all previous cases.
Theorem 7.1. Let A be a quaternion algebra defined over a number field K and assume that A satisfies the Eichler condition. Let Ω ⊂ A be a commutative, quadratic O K -order. Fix an order R ⊂ A and assume that an embedding of Ω into R exists. Then every order in the genus of R contains a conjugate (by A × ) of Ω except when the following three conditions hold:
(1) Ω is an integral domain whose quotient field L is a quadratic field extension of K which is contained in A. (2) We have a containment of fields L ⊂ K(R). (2) is not the same as that which appears in [2] and [5] , it is equivalent whenever R is an Eichler order (see Proposition 4.6) . Furthermore, we showed in Example 4.9 that there exist orders R which satisfy the condition (2) of Theorem 7.1 but not the conditions appearing in [2] and [5] .
Before proving our theorem, we give a few examples to illustrate the necessity of the various hypotheses. As in [2] , we shall say that the order Ω selects R if Ω embeds into exactly half of the orders in the genus of R. Then Ω selects R if conditions (1)-(3) hold.
Example 7.3. Let K = Q( √ −5), A = M 2 (K) and R ⊂ A be a maximal order. In this case t(R) = 2. Thus the class field K(R), which is an everywhere unramified extension of K by Theorem 4.1, must be K(i), the Hilbert class field of K. Set L = K(R) so that condition (2) is satisfied and let Ω = Z + 29O L with p 29 be a prime of K lying above 29. Then the discriminant ideal d Ω/O K = 29 2 O K is divisible by p 29 . Moreover, p 29 splits completely in L. To see this, one can simply note that 29 is of the form x 2 + 5y 2 , hence splits completely in the extension L/Q (see Theorem 5.26 of [3] ). Then p 29 must split completely in L/K and condition (3) holds. As conditions (1)-(3) hold, Ω selects R and embeds into exactly half of the isomorphism classes of maximal orders.
Example 7.4. Let K be a number field with even class number, L be an unramified quadratic field extension of K (one exists by the Galois correspondence applied to the Hilbert class field of K) and A = M 2 (K). As L is a splitting field for A, there exists an embedding of L into A. Then Ω = O L selects any maximal norm order R ⊂ A (condition (2) holds by Remark 4.7).
Example 7.5. Let K be any number field, A = M 2 (K) and R ⊂ A be any order with t(R) ≥ 2. The class field K(R) is an extension of K with degree t(R) = 2 m for some positive integer m and therefore has a subfield L which is a quadratic extension of K. As L is a splitting field for A, there exists an embedding of L into A. Then Ω = O L selects R.
We will be concerned with the problem of determining the proportion of isomorphism classes in the genus of R into which Ω can be embedded. In order to show that in certain cases Ω can be embedded into every isomorphism class, we employ the following strategy.
). Note that by Lemma 4.2 we may assume that each ν i is finite, that no ν i ramifies in A and that R ν i is maximal for all i. For each ν i , we will construct two distinct local maximal orders D ν i and
for all ν i ) and are adjacent in the tree of maximal orders of A ν i ∼ = M 2 (K ν i ). By hypothesis R also contains Ω. Then for each γ ∈ (Z/2Z) m , let D γ be the global order defined by the local factors
As Ω is contained in every completion of D γ (for each γ ∈ (Z/2Z) n ), Ω is contained in D γ as well. These 2 m orders represent all isomorphism classes of orders in the genus of R and each contains a conjugate of Ω. Hence Ω can be embedded into all orders in the genus of R.
Remark 7.6. The strategy outlined above was used in [2] by Chinburg and Friedman in order to prove the theorem in the case that R was a maximal order. The same strategy was used by Guo and Qin in [5] to extend the theorem to Eichler orders of arbitrary level. In [5] , a technical hypothesis was added to accomodate local orders D γ ν which were Eichler but not maximal. As we have shown that one can choose the {e ν i } such that R ν i is maximal for all i, we are able to discard the added hypothesis.
The following argument, in broad strokes, is similar to the proof of Theorem 3.3 of [2] , though our condition (2) affords a streamlining which simplifies several of the arguments.
If Ω is not an integral domain then every isomorphism class in the genus of R contains a conjugate (by A × ) of Ω.
Proof. If Ω is not an integral domain then A ∼ = M 2 (K) and Ω is conjugate to a subring of
for J a fractional ideal of K.
We may, without loss of generality, assume that Ω ⊂ Ω 0 or Ω ⊂ Ω J .
If Ω ⊂ Ω 0 , set
If Ω ⊂ Ω J for a fractional ideal J of K, set
In both cases D ν i is conjugate to D ν i by 1 0 0 π ν i and Ω ⊂ D ν i ∩ D ν i . As this holds for all i and Ω ⊂ D ν for all ν = ν i for any i by definition of D, we have, for every γ,
Thus Ω can be embedded into all isomorphism classes of orders in the genus of R.
Henceforth we assume that condition (1) holds; that is, we assume that Ω is an integral domain whose quotient field L is a quadratic field extension of K.
Recall condition (2) of the main theorem: there is a containment of fields L ⊂ K(R). We will show that if condition (2) does not hold, every order in the genus of R contains a conjugate (by A × ) of Ω.
Proposition 7.8. Let notation be as above. If Condition (2) does not hold, then every order in the genus of R contains a conjugate (by A × ) of Ω.
Proof. As condition (2) does not hold, we have L ⊂ K(R). By Lemma 4.4 we can choose primes ν i of K which split in L such that {e ν i } generate G R . Let λ = ν i for some i. As λ splits in L/K, A λ must be split (this is immediate from the Albert-Brauer-Hasse-Noether Theorem), so there is a K λ −isomorphism f λ :
Then
Choose D λ and D λ so that
As λ ranges over all ν i , we see that Ω ⊂ D ν i ∩ D ν i for all i. By the strategy outlined in the begining of this section, Ω can be embedded into every isomorphism class in the genus of R.
We now assume that the conditions (1) and (2) hold and recall the statement of condition (3): all primes of K which divide the relative discriminant ideal d Ω/O K of Ω are split in L/K. We will show that if condition (3) does not hold, every order in the genus of R contains a conjugate (by A × ) of Ω. Proposition 7.9. Let notation be as above. If Condition (3) does not hold, then every order in the genus of R contains a conjugate (by A × ) of Ω.
Proof. If condition (3) does not hold then there exists a prime λ of K (unramified in A) which is inert in L and which divides the discriminant ideal d Ω/O K . As condition (2) holds, L ⊂ K(R). By Lemma 4.4 and Remark 4.5 we may choose ν 1 , ..., ν n such that {e ν i } generate G R , where ν i splits in L/K for i > 1 and ν 1 = λ is inert in L/K. If ν = ν i splits in L, we may pick two adjacent maximal orders containing Ω (as in the proof of Proposition 7.8). 
Hence Ω ⊂ D ν ∩ D ν , and by the strategy outlined in the begining of this section, Ω can be embedded into every isomorphism class in the genus of R.
We now assume that conditions (1)-(3) hold. Proposition 7.10. Let notation be as above and suppose that conditions (1)-(3) hold. Then the orders in the genus of R containing some conjugate of Ω make up exactly half of the isomorphism classes. If E is another order in the genus of R , then E contains a conjugate of Ω if and only if the restriction to L of Frob K(R)/K (ρ(R, E)) is the trivial element of Gal(L/K), where Frob K(R)/K is the Frobenius map inducing the Artin reciprocity isomorphism J K /H R ∼ = Gal(K(R)/K).
Proof. By assumption, Ω is contained in R. Let E be another order in the same genus. We show that E contains a conjugate of Ω if and only if res L (Frob K(R)/K (ρ(R, E))) = 1 in Gal(L/K). By Lemma 4.4, we may choose a generating set {e ν i } m i=1 of G R for which ν 1 is inert in L/K, and ν i splits in L/K whenever i > 1. Let {D γ } be the parameterization of the genus of R associated to this generating set (chosen so that locally, D γ ν and D γ ν are either equal or adjacent in the tree of maximal orders of M 2 (K ν )). Suppose that E ∼ = D γ . Then the isomorphism extends to an automorphism of A which is inner by the Skolem-Noether theorem. Therefore there exists an element x ∈ A × such that E = xD γ x −1 . Replacing the parameterization {D γ } with {xD γ x −1 } if necessary, we may assume that there exists γ such that E = D γ . As R contains a conjugate of Ω if and only if xRx −1 contains a conjugate of Ω, D (0,0,...) will still contain a conjugate of Ω. We will always refer to D (0,0,...) as R (rather than as xRx −1 ).
Observe that ρ(R, E) = ρ(R,
is the distance between the vertices R ν i and E ν i in the tree of maximal orders of A ν i ∼ = M 2 (K ν i ). This follows from the fact that locally, the orders in the parameterization {D γ } are either equal or adjacent. Then Frob L/K (ρ(R, E)) = 1 if and only if d ν 1 (R ν 1 , E ν 1 ) = 0 (as Frob L/K (ν i ) = 1 for all ν i which split in L/K and ν 1 is the only ν i which does not split in L/K). We prove that Ω can be embedded into E if and only if d ν 1 (R ν 1 , E ν 1 ) = 0. If d ν 1 (R ν 1 , E ν 1 ) = 0, then E ν 1 = R ν 1 . Then E ν 1 must contain Ω. For i = 1, ν i is split in L/K. The proof of Proposition 7.8 shows that Ω is contained in E ν i in this case.
Conversely, suppose that Ω can be embedded into E but d ν 1 (R ν 1 , E ν 1 ) = 1. Then Ω ⊂ R∩E but R ν 1 = E ν 1 . Also note that Ω ν 1 ⊂ R ν 1 ∩ E ν 1 (where Ω ν 1 := Ω ⊗ O K O Kν 1 ). (α is chosen this way because ν 1 is inert in L so that L ν 1 is the unramified quadratic extension of K ν 1 ).
Before continuing we state Lemma 2.2 of [2] , which we will use to complete our proof.
Lemma 7.11. Suppose that x ∈ GL 2 (K ν 1 ) and that its image x ∈ PGL 2 (K ν 1 ) is contained in a compact subgroup of PGL 2 (K ν 1 ). Then x fixes an edge in the tree of maximal orders of M 2 (K ν 1 ) if and only if at least one of the following conditions hold.
We now continue our proof. As ν 1 does not divide the relative discriminant ideal d Ω/O K (by condition (3) Also, 0 = ord ν 1 (disc(x)/ det(x)) = ord ν 1 (disc(x)) − ord ν 1 (det(x)) = 0 − ord ν 1 (det(x)), so ord ν 1 (det(x)) = 0.
is an integral element of degree 2 over O Kν 1 we see that L ν 1 ∼ = K ν 1 (x). By Lemma 7.11 we see that x fixes no edge in the tree of maximal orders of A ν 1 ∼ = M 2 (K ν 1 ). We use this to derivde a contradiction. As x ∈ O × Lν 1 , it is is a unit in both R ν 1 and E ν 1 . Then conjugation by x fixes both R ν 1 and E ν 1 . Equivalently, conjugation by x fixes an edge in the tree of maximal orders of A ν 1 ∼ = M 2 (K ν 1 ). This is a contradiction, completing our proof.
